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Abstract 

Birth of the brane world is studied using the Hamiltonian approach. It is shown 
that an inflating brane world can be created from nothing. The wave function of 
the universe obtained from the Wheeler de-Witt equation and the time-dependent 
Schrodinger equation for quantized scalar fields on the brane are the same as in the 
conventional 4-dimensional quantum cosmology if the bulk is exactly the Anti-de 
Sitter spacetime. The effect of the massive objects in the bulk is also discussed. This 
analysis tells us the presence of the extra dimension imprints a nontrivial effect on 
the quantum cosmology of the brane world. This fact is important for the analysis of 
the quantum fluctuations in the inflationary scenario of the brane world. 
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1 Introduction 



Much attention has been paid to the possibihty we are hving inside a 3-brane in higher 
dimensional spacetime [|l], 0. The idea of a brane world was renewed by the Horava-Witten theory 
which relates the strongly coupled Eg x Es string heterotic theory to the eleven dimensional M- 
theory compactified on an S1/Z2 orbifold with a set of Eg gauge field at each 10- dimensional fixed 
plane [Q. In this theory, the pure supergravity lives in the bulk which appears 5-dimensional Anti 
de-Sitter (AdS) spacetime, while the standard model particles are confined to the 3-brane [Q. 
Phenomenologically, this picture opens up a route towards resolving the mass hierarchy between 
fundamental scales of particle physics and gravity ^. Recently, a simple model based on this 
picture was constructed by Randall and Sundrum 0. In their setting, a 4-dimensional domain 
wall sits at a 5-dimensional Ads spacetime. It has been shown the Einstein gravity is recovered 
on the wall with positive tension in the low energy limits 0. 

This model gives a new setting for the early universe cosmology, which has been traditionally 
studied in the framework of the 4-dimensional action. The cosmological evolution of the brane 
world has been investigated by many authors P]. It has been shown the Friedman equation 
is recovered in the low energy limits. In the early universe, the inflationary solution plays an 
important role. The solution for the inflating brane world has been obtained [|l^ . 



In the traditional 4-dimensional theory, the application of laws of quantum mechanics to the 
universe shed light on issues such as the initial conditions of the universe. The possibility arises 
that the inflating universe can be created from nothing by quantum tunneling [|TT[]. Furthermore, 
the Wheeler de-Witt (WDW) equation which describes the evolution of the wave function of the 
universe leads to the time-dependent Schrodinger equation for quantized matter in the de Sitter 
spacetime |T^. This gives the explanation of the origin of the structure of the universe |T3[. Then 



it seems natural to ask how to implement the quantum cosmological idea in the context of the 
brane world [Q. Can the inflating brane world be created from nothing ? What is the wave 
function of the universe ? How to derive the Schrodinger equation for the quantized matter on 
the brane ? 

In this letter, we derive the effective action for the brane world from the 5-dimensional action 
and reply these questions. From the 5-dimensional viewpoint, the creation of the brane is the 
quantum tunneling of the domain wall. The most promising way to deal with this process is the 
Hamiltonian approach |l6l. We derive the Hamiltonian form of the effective action for the 



brane world and derive the WDW equation. We also discuss the effect of the massive objects in 
the bulk. This analysis gives the insight to the effect of the deviation of the bulk from the AdS 
spacetime on the quantum cosmology of the brane world, which is important for the analysis of 
the quantum fluctuations in the inflationary scenario of the brane world. 



2 



2 The effective action 



In this section we derive the effective action for the brane world. Our starting point is the 
5-dimensional action for the bulk gravity plus 4-dimensional domain wall; 

S = SG + Sw^:r^ fd'xy/^{n' + 2A)-J^ [ d'A, (1) 

IDTTG J ITT'^ J wall 

where TZ^ is the 5-dimensional Ricci scalar, A is the cosmological constant (A > for the Anti-de 
Sitter spacetime), G is the Newton constant in the 5-dimensional spacetime, ///27r^ is the energy 
per unit volume of the domain wall and d'^A is the volume of the wall. Wc assume the 
spacetime is spherically symmetric. The general spherically symmetric metric can be written as 

ds'' = -{N\r, t)dtf + L(r, tf{dr + N'{r, t)dtf + i?(r, ifd^l (2) 

Let us denote the trajectory of the wall in this spacetime as tq = 'ro(t). Here tq is the coordinate 
radius of the wall which describes the the degree of the freedom of the wall. Then the action for 
the wall becomes 

Sw^-I^J dtRl^lN*^-Ll{fo + N-o?- (3) 

Here the quantities on the wall are denoted like as i?o = R{t = ro,t). Defining the conjugate 
mometa 

the Hamiltonian form of the action is given by 

J dt l^p 7-0 + Jdr [ttlL + t:rR - N'Ht - N'Hr) | , (5) 



where 



Sn [r^ R^ ) 



Hr = -LttI + i?Vi? - 5(ro - r)p. (6) 
For a while, we will work in units AG /Sir — 1. 
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Let the radial coordinate takes the range ri < r < r2. The spacetime is divided into two 
regions by the domain wall; 

Vi: n <r < ro, 

V2: ro < r < r2, (7) 

We impose the Z2 symmetry across the wall, then r2 = 2ro — ri. The spacetime is obtained 
by deleting the spacetime region from the wall to the boundary and gluing two copies of the 
remaining spacetime along the 4-sphere at r = Tq. We assume R{r) to be continuous and ttr and 
ttl to be free from 5 functions at the wall. The integration of the constraints implies the following 
junction conditions at the wall; 

A7r^ = -|, = (8) 

where E = {p^ + ii^LqRqY^'^ is the energy of the wall. 

We impose the coordinate gauge condition and the slicing condition 

L = 1, Rt^r = 27ri. (9) 
From these conditions, we obtain the shift function and lapse function as 

N"" = 0, AT* = (10) 

The induced metric on the wall is written as 

ds\aii^-dT^ + Rldnl, (11) 

where r is the propcrtime of the wall. The radius at the wall Rq can be identified with the scale 
factor of the 3-brane world. 



Wc shall reduce the action to have only the degree of the freedom of the branc, that is, Rq. 
For this purpose, we shall solve the constraints in the bulk. Using the slicing and gauge fixing 
conditions (9), we can solve the momentum constraints and Hamiltonian constraints; Tit — and 
Hr — 0- We obtain 



7rR^2R{r,t)Cjit), ttl ^ R{r,ty Cj{t), R' ^ {-If 

where $,j(t) is the constant of integration with respect to the radial coordinate r in region Vj, and 
(7 = for j = 1 and a = 1 for j = 2. M is another constant of integration which is related to the 
mass of the 5-dimensional AdS-Schwartzshild black hole. Making use of these solutions, we shall 
rewrite the gravitational part of the action in the bulk; 

Sg^ [ dtdrTTRR = / dtdr2R {R^i9{ro - r) + R^20{r - ro)) . (13) 



AR{r,ty _ 2M 
6 R{r,t) 



2' 



(12) 
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Here we introduced the step function 9{x) = 1 for x > and 9{x) = for x < 0. Carrying out 
the integration by parts, this action (13) can be rewritten as 



Sg = jdt {foi?o(6 - 6) + / dr {-iiR'9{ro - r) - i^R^r - ro))} 
Next consider the contributions from the constraint; 

Sc^ J dtdr{-N*nt - N^'Hr). 



(14) 



(15) 



In the bulk, since the constraints are satisfied, there is no contribution to Sc- On the wall, 
however, since the solutions of the constraint are not held, R" and tt^ in Ht and Hr give the 
contribution to Sc', 



/ dr (-N\R^R") - N'{-7r'L)) = -N'R^AR' + N'Attl. 

Jrn-e ^ ' 



Then we obtain 



Sc^ Jdt {-N'{E + R'^AR') + N^^ip + Attl)} . 
The total action (5) becomes 

S = jdtjdr (-iiR% - i2R%) + jdt [-N\E + RIAR!) + (ro + N')P) , 



where 



p = p + Attl, 
AR' = 



l + + 



KRl 2M 



6 Rl \ 

E = {^'Rl + Rt{i2-i.fY''. 



KRl 2M 
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(16) 
(17) 

(18) 

(19) 
(20) 
(21) 



We shall simplify this action. First, we can drop the term proportional to p from the junction 
condition p = 0. Next we will simplify the Hamiltonian constraint at the wall. We redefine the 
lapse function; 

TV* = Rq^N\E - RlAR'). (22) 

Then 



N\E + R^AR') = N'Ro\E' - R^{AR 



y^2^ 



TV* 



AR?, 2M 



+ 



6 Rl^\ 



6 Ri\ 



^^'^ 6 Rlj 



(23) 



We will take the rest frame of the wall i.e. p — 0. The junction condition imphes 

6 = 6 = e(t). (24) 
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The constraint can be written by the variable ^ as 

8M 

where we have introduced the parameter A by 



n' = jl^Rl + -^-A{l + e), j2 = fiVT^, (25) 



2A , , 

which reduces 1 if we take the Randall- Sundrum limit 0. Finally we shall consider the kinetic 
term. Using the variable ^, the kinetic term becomes 



(Kinetic term) = j dt dr{-2^R^) = - J dt ^ ^^"r^' ^^^"^ 
Now we obtain the action describing the dynamics of the brane; 

S^lM[(,-N'[e^l-'^r^(x,(f-j^)}. (28) 



where i?o(X)0 is determined by 

fRo 



^ = / dR^ = / dR ^ (29) 

Jl+e + kR^/Q~2M/R^ 



3 The birth of the brane world 



In this section we assume the bulk is exactly AdS spacetime. Then, the effective action (28) 
reduces to the simple form which leads to the conventional Wheeler de Witt(WDW) equation. 
Then we show the creation of the inflating brane world from nothing is possible and derive the 
wave function of the brane world. 



3.1 Effective action for M = 

In the effective action (28), the canonical variables are (XjO- For M = we can take ri = 
R{ri) = 0. The integration in the expression x can be done easily, then we obtain the effective 
action 

.^/*{C.-.'(«^.1-^^X)), /(A,4-(y)>o.i±^, ,30, 

where A is defined in (26) and /(A) becomes 1 as taking the Randall- Sundrum limit A 1. 
Carrying out the canonical transformation 
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we can write the reduced action by Rq and P; 

S = Jdt {PR^-N'n'}, n' = P'+(^^^Rl{l-H'Rl 

Here we restore the 5- dimensional Newton constant G. This is the Hamiltonian form of the 
effective action for the brane world. 

The constant 6*4 can be identified with the Newton constant in the brane world. To see this 
fact, we solve the r dependence of the R{r, t). The solution of R in the bulk is given by 



R{r,t) 



/6 /A. 
— sinh \ — r, < r < tq, 

A V 6 



cosh 6'2(t)y-^ sinh y'^(2ro-r), tq < r < 2ro, 



(33) 



Here, the integration constants are denoted as 61 and 62- The location of the wall tq is determined 
by the junction condition. We will consider on the rest frame of the wall p = 0. The junction 
conditions (8) become 

7^L{r = ro + e) = HL{r = ro - e), R'{r = ± e) = T^fiRo- (34) 
From these conditions (33), we obtain 



e, = 92 = 9, sinhy^ro = ^Y^. (35) 

Thus, the solution is given by R{r,t) = a(t) W{r), where 

a{t) = H-^ cosh Ht, t = H-^e{t), 

Wir) = coshi/— w ^sinhi/— Iwl, w = r — tq. (36) 

V 6 VA V 6 

Using this solution the lapse function can be written as A^* = 9H^^W{r). Then the classical 
solution of the spacetime is obtained 

ds^ = dw"^ + W^{w)-iijdx'dx\ -iijdx'dx^ = -dr^ + airfdnl (37) 

The factor W{w) is often called the warp factor. The effective action for 4-dimensional gravity 
is given by P 

Seff -^Jd'x (2 dw{W{w)f') ^TV = ^J d^x^TV. (38) 

Here TZ"' is the Ricci scalar made out of 7ij. Hence G4 can be identified with the Newton constant 
in the brane world. In the A — 1 limits, the brane world becomes Minkowski spacetime. In this 
case, G4 can be written as G4 = ^(A/e)^/^ [Q. 
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3.2 The birth of the brane world 



Based on the effective action (32), we discuss the creation of the brane world and it's wave 
function. There is no classical solutions for A > 1. Then we assume A < 1. The phase space 
{Ro,P) is described as follows; 

H^^ < Rq, classically allowed region, 

< -Ro < H~^, classically forbidden region. (39) 

Choosing the lapse function appropriately, the classical equation of motion is obtained as follows 



2 



^RoJ Rq 



+ (40) 



The universe can contract from the infinite size and bounce at a minimum radius H ^ and then 
re-expand classically. 

We shall quantize this system as a one-dimensional particle system. We take the wave function 
of the brane world as \l/(i?o)- Using the representation 

we write the constraint as a Wheler de-Witt (WDW) equation Ht'^i^Ro) = 0; 

{~l^^o^''Ao + "^^^'^ = °' ^^^^ = I (S) ~ ^^^^ 

where the choice of the factor ordering is made, which is not important at the semiclassical level. 
Consider the boundary conditions of this equation (42). In the classical forbidden region, the 
tunneling from i?o = to -Rq = is possible. From the 5-dimensional point of view, this is a 
tunneling of the domain wall. The boundary condition that selects the wave function representing 
the tunneling requires that ^'(-Ro) should be only an outgoing wave at Rq — * oo. In the classical 
forbidden region the wave function is given by the linear combination of the growing and the 
decaying solutions. The wave function corresponds to this boundary condition is given by 

^(i?o) oc Ai[z{Ro)]Ai[z{H-^)] + i Bi[z(i?o)]Bi[;2(if-')], (43) 

where Ai and Bi is the Airy functions and z(K) = (37r/4G'4if^)^/^(l — H'^Rq) [11T|. Under-barrier 
region, the decaying solution dominates. The semiclassical wave function is given by 



^(i?o) ~ exp dR^2V{R)^ . 



(44) 



Then the tunneling probability is obtained as 



P 



*(0) 



2 



exp I ) . (45) 
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From the four dimensional point of view, a tunneling from i?o = to -Rq = represents the 
creation of the brane world from nothing. If we identify G4 as the Newton constant in our brane 
world, this tunneling probability agrees with the one traditionally obtained in the 4-dimensional 



quantum cosmology [14|. The wave function of the brane world coincides with the Vilenkin's 



tunneling wave function. 

We shall include the effect of the matter confined to the wall. It is usefuU to consider a scalar 
field as the matter confined to the wall. For simplicity, we shall consider a scalar field ^J2'n<\) with 
potential 27r'^U{(j)). We assume there is no back reaction to the geometry of the bulk and the 
junction conditions from this scalar filed, that is U{(f))/^ <^ 1. The 4-dimensional gravity couples 
to the matter on the wall with the coupling G4. The WDW equation including the scalar field 
on the wall is given by 

We put the WKB solution of the WDW equation of the form 

^{Ro, 4>) = C(i?o)e-'^^''°V(i?o, S{Ro) = dR^-2V{R). (47) 
Then we find iJ^Ro, 4>) satisfies the time-dependent Schrodinger equation 

i^ = H^,l;, ? = ^o, R<,{t) = H-^cos\iHt. (48) 
orj arj 

This is a Schrodinger equation for a quantized scalar field in the de Sitter spacetime. 



4 Effect of the black hole in the bulk 



4.1 Effective action for M 7^ 

In this section we discuss the effect of the spherically symmetric objects in the bulk. The bulk 
deviates from the AdS spacetime to the AdS-Schawartzshild spacetimes. For M 7^ 0, there is an 
event horizon aX r = at which 

3 / / 4MA\ , , 

i?h(r,) = - -1 + ^1 + ^ . (49) 

We will take some ri at which R{ri) > R^. We rewrite the effective action by the canonical 
variable Rq. We must use slightly different canonical transformation from the previous one. This 
is related to the fact i?(r, t) cannot be separable into the warp factor and the scale factor as is 
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done for M = 0. We use the similar method developed by Kolitch and Eardley [|T6|. By taking 
the integration by part, the kinetic term can be written as 



(kinetic term) 



dtel 



cosh 6' 



+ 



Ro 



dR 



'2R^\ /AR 2M^ 



3 ^cosh^ e + Ai?76 - 2M/R^ 
cosh 9 



Ro 



(cosh^ 9 + Ai?76 - 2M/R' 



3/2 



(50) 



Here we changed the variables as ^ = sinh 9. It is convenient to introduce the quantity T; 



T = — sinh 9 



Ro 



dR 



(2i?V3) {AR/6 + 2M/R^ 



/cosh^ 9 + AR^/6 - 2M/i?2(l + AR^/6 - 2M/R^) 
We can show the total derivative of T with respect to t is given by 



(51) 



2R^ 

T = (kinetic term) + —^F{Ro, 9), 



(52) 



where 
F{Ro, 



cosh 9 



cosh^ 9 + ARl/Q - 2M/RI 



-Ro 



{ARo/Q + 2M/Rl)smh9 



We introduce the variable ip by 



sinh-?/; 



cosh^ 9 + ARl/6 - 2M/Rl{l + ARl/Q - 2M/RI) 

(53) 

sinh^ (54) 



'I + Ai?76 - 2MIRI 
The total derivative of the variable is written as 

i, = F{Ro,9), 

Then defining C, = 2Rq/3, we can write the effective action up to the total derivative 



S 



dt {i^C-N'lfi^-C 



3 a'/' 



A /3 a2/3 



2M ( -C 



3 A -2/3^ 



cosh 



Now, performing the canonical transformation 

P 



2^ 



2 ' 



(55) 



(56) 



(57) 



we rewrite the constraint as 
P = ± 



/37r 
\2G 



i?Q arcsinh. 



-Rl + Hm^ + {8G/37i)M 
^ i?§ + {A/6)Rt - {8G/37t)M' 



(5J 
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There is an ambiguity in the choice of the sign. The choice of the sign determines the boundary 
condition of the wave function. We will choose the sign so that the wave function represents the 
tunneling. After doing this procedure, we obtain 



/■ 



dtlpH P /"^^U^arcsinh "-^^0 + H'R'q + (8g/37r)M 

dt iPRo-N \P- R, arcsmh^ ^TW^fW^WJ^ 



(59) 



where we restore the 5-dimensional Newton constant G. 



4.2 Effect of bulk black hole 



The turning point where P = is given by 

1 ± ^1 - {32G/37r)H^M 
R± = ■ (60) 

For 1 < {32G/37r)H^M there is no turning point. Then we set < {32G/37r)H^M < 1. The 
phase space is described as follows; 



(61) 



Ri 


< 


Rq < R—1 


classically allowed region, 


P_ 


< 


Rq < R+, 


classically forbidden region. 


R+ 


< 


Ro, 


classically allowed region. 



Classical equation of motion is obtained by 



2 



Rq J Rq Stt Rq 



.2+^^ + ^^- (62) 



The additional term proportional to M behaves as the radiation. 

Taking the momentum as a differential operators acting on the wave function of the brane 
world *(-Ro) 

we obtain the WDW equation 



(64) 

The tunneling rate at the semiclassical order can be evaluated by 

P - exp 1^-2 J^^ dR S(i?) j . (65) 
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We can verify this agrees with the result obtained in the previous section for the hmit M — s> 0. For 
M 7^ 0, the inflating brane world is created by the tunneling from the closed FRW universe driven 
by the massive objects in the bulk. For a small radius of the brane world Rq < (SGM/Svrif^)^/^, 
the wave function is different from the one obtained in 4-dimensional quantum cosmology. This 
implies the presence of the extra dimension gives the nontrivial effect on the quantum cosmology 
of the 4-dimensional universe if the bulk deviates from the AdS spacetime. Technically, this 
comes from the fact the r dependence in R{r,t) cannot be separable. For large Rq, the effect 
of the massive objects in the bulk on the evolution of the brane world becomes negligible, then 
the wave function of the universe becomes the familiar one obtained in the previous section for 
M = 0. 



5 Summary and Discussion 



In this letter, we derived the effective action for the brane world from the 5-dimensional action 
for the bulk gravity plus 4-dimensional domain wall. Based on this action, we derived the WDW 
equation for the brane world. If the bulk is AdS spacetime, the brane world can be created from 
nothing. The WDW equation and the time- dependent Schrodinger equation for the quantized 
matter on the inflating brane are the same as those in the conventional 4-dimensional quantum 
cosmology. It is easy to extend our analysis to the many brane case. In that case, the "time" is 
defined in each brane world as is suggested by the derivation of the Schrodinger equation. 

We discussed the effect of the spherically symmetric massive objects in the bulk. For a small 
radius of the brane world, the bulk deviates from the AdS spacetime largely. In this case we 
found the presence of the extra dimension affects the quantum cosmology of the brane world, 
then the wave function is different from the one obtained in 4-dimensional quantum cosmology. 

The most important success of the inflationary scenario is that this gives the origin of the 
structure of the universe. The analysis of the evolution of the quantum fluctuations is needed to 
explore this issue in the context of the brane world. We must include the effect of the back reaction 
to the geometry of the bulk in the Schrodinger equation for the quantized matter on the wall. It 
has been shown the deviation of the bulk spcaetime from the exact AdS spacetime is essential 
to describe the inhomogeneous brane world p[. The analysis for the bulk with black holes tells 
us if the bulk deviates from the Ads spacetime, the presence of the extra dimension imprints a 
non-trivial effects on the quantum cosmology of the brane world. A detailed investigation of the 



evolution of the quantum fluctuations will be left for the future work [17 . 
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